Vortex intensification plays an important role in a wide range of flows of engineering interest. One scenario of interest is when a streamwise vortex passes through the contracting streamtube of an aircraft intake. There is, however, limited experimental data of flows of this type to reveal the dominant flow physics and to guide the development of vortex models. To this end, the evolution of wing-tip vortices inside a range of streamtube contractions has been measured using stereoscopic particle image velocimetry. A semi-empirical model has been applied to provide new insight on the role of vorticity diffusion during the intensification process. The analysis demonstrates that for mild flow contractions, vorticity diffusion has a negligible influence due to the low rates of diffusion in the vortex flow prior to intensification and the short convective times associated with the streamtube contraction. As the contraction levels increase, there is a substantial increase in the rates of diffusion which is driven by the greater levels of vorticity in the vortex core. A new semi-empirical relationship, as a function of the local streamtube contraction levels and vortex Reynolds number, has been developed. The model comprises a simple correction to vortex filament theory and provides a significant improvement in the estimation of vortex characteristics in contracting flows. For the range of contractions investigated, errors in the estimation of vortex core radius, peak tangential velocity and vorticity are reduced by an order of magnitude. The model can be applied to estimate the change in vortex characteristics for a range of flows with intense axial strain, such as contracting intake streamtubes and swirling flows in turbomachinery.
Introduction
Future airframe configurations are likely to feature an increased aerodynamic coupling between the intake and the airframe. 1 For example, the rear-mounted engines of blended wing body configurations may be susceptible for the ingestion of discrete streamwise vorticity which has been generated upstream on the airframe at high airframe angles of attack. 2 The risk is also present on conventional fuselage arrangements due to vortices from the wing-body junction or at the wing-tip of a forebody canard. This is of concern from an engine integration perspective since streamwise vortices can result in high-cycle fatigue on compressor blades, 3 as well as a reduction in surge margin. 4, 5 The extent of the intake flow distortion, as well as the peak flow angles, are known to be a critical parameter for the response of the turbomachinery to the distorted flow. 1 Therefore, it is useful to determine the nature of such vortical flows once they have been ingested by the intake. It is envisaged that the greatest risk of vortex ingestion occurs during take-off and climb-out when the diameter of the intake capture streamtube is relatively large and the airframe angle of attack is increased. In these conditions, the vortex will be subject to axial strain due to the contracting intake streamtube. Fundamental theory shows that the vortex will undergo intensification in response to the flow contraction. 6 The inverse occurs when the streamtube is diffusive in nature, and vortex breakdown may occur. 7 Vortex intensification plays an important role in a range of other flows of engineering interest, such as helicopter wake intensification during flight close to ground, [8] [9] [10] vortexpropeller interactions, 11 drain-hole flows, 12 swirling flow intensification in the inlet guide vanes for turbines in gas turbine engines, 13, 14 and the evolution of the vortex flows in the secondary flow of turbines. 15, 16 Vortex filament theory demonstrates that a streamtube contraction results in a vortex with a reduced core radius, in conjunction with an increase in streamwise vorticity and tangential velocity. 17 Analytical solutions to the inviscid, axisymmetric NavierStokes equations for confined swirling flows were developed by Batchelor. 18 Numerical solutions have also been studied for a range of swirling flows inside a confined contraction or diffusion, [19] [20] [21] [22] with a particular focus on the susceptibility of the flow to vortex breakdown. The dominant flow physics are driven by the constraints enforced by the bounding surfaces of the pipe, and there exist solutions in which separated flow can form on the walls. 19 Burgers 23 and Rott 24 developed solutions to the axisymmetric Navier-Stokes equations for the case of a vortex in a uniform streamwise velocity gradient, such as that which is experienced in drain-hole flows. 12 The solutions are for asymptotically steady flow in which the intensification of vorticity due to the streamwise contraction is balanced by viscous diffusion.
There have, however, been limited experimental studies to guide the understanding of the evolution of streamwise vortices in flow contractions such as those of interest for intake flows. Garbeff et al. 25 acquired three-component hot wire measurements of a wing tip vortex inside a mild planar contraction of velocity ratio (w/w 0 ) 1.4, where w is the streamwise velocity and subscript 0 refers to the initial condition at the start of the contraction. The measurements demonstrated that the peak tangential velocity increased by 10% relative to the value at the start of the contraction, although there was no overall change in core radius. The distribution of streamwise velocity inside the contraction, as well as the initial circulation distribution of the vortex, were used as inputs for the Rott vortex model. The model estimated an increase in peak tangential velocity of 6%, which is somewhat lower than the measured increase of 10%. The authors cited the relatively low spatial resolution of the measurements as a contribution to differences between the model and the experiments. Additionally, it is widely known that point-based measurements of streamwise vortices can be strongly impacted by wandering, and must be corrected. 26, 27 As the results of Garbeff et al. 25 were not corrected for wandering, additional uncertainty is introduced in the comparison between the experimental measurements and the results from the Rott model. This issue can be mitigated more easily using synchronous planar measurements, such as those obtained using particle image velocimetry (PIV).
Ananthan and Leishman 8 and Ramasamy and Leishman 9 used laser Doppler velocimetry (LDV) to measure a helicopter rotor tip vortex for the case where the rotor is located in close proximity to a ground plane. As the rotor wake convects towards the ground, the velocity field stretches the wake in the radial direction. This flow field results in a corresponding intensification of the tip vortex, and a reduction in core radius of approximately 38% was measured. A model for the evolution of the tip vortex was developed, comprising vortex filament theory to capture the strain effects, coupled with the Squire vortex model 28 to account for the effects of vorticity diffusion. Using this approach the overall trend in the change of vortex core radius throughout the wake evolution was captured adequately. However, only the predictions of core radius from the model were compared with the measurements. As for Garbeff et al., 25 there was no direct comparison with vortex filament theory, so the role of diffusion was not quantified. In addition, the analysis was performed for only one particular vortex Reynolds number and flow field. Therefore, it was not possible to elucidate the sensitivity of the intensification process to these parameters.
McLelland et al. 29 performed a detailed parametric study on the evolution of a streamwise vortex within a streamtube contraction. A sub-scale intake was employed to generate streamtubes of velocity ratios between w i /w 0 , 2.0 and 16.3, where w i is the mean velocity at the throat of the intake and w 0 is the velocity in the freestream flow. The vortex Reynolds number was controlled by independent variation of w 0 and the vortex generator angle of attack, vg . The measurements provided the first controlled parametric assessment on the intensification of vortices, and the first direct comparison between vortex filament theory and measured vortex intensification. It was demonstrated that the vortex intensification process is in good agreement with vortex filament theory when the local streamtube contraction levels are relatively low, until approximately w/w 0 ¼ 2.0. At greater levels of flow contraction, the vortex experienced less intensification than anticipated. At the greatest level of streamtube contraction which was investigated (w/w 0 ¼ 6.5) the core radius (r c ) of the measured vortex was 27% larger than that which was expected from vortex filament theory, with a peak vorticity (! z,max ) of 119% lower. The behaviour was found to be consistent with vorticity diffusion, the impact of which became increasingly important as the local contraction levels were increased. The evolution of the peak vorticity was found to be sensitive to the vortex Reynolds number (Re v ), such that the change in peak streamwise vorticity was smaller as Re v is increased. Overall, the study underlined that the evolution of the vortex characteristics is captured poorly by fundamental theory for large contraction levels, and the effects of diffusion must be modelled.
This research presents an approach to quantify the contribution of vorticity diffusion to the vortex intensification process. Detailed stereo PIV measurements from the controlled parametric studies in McLelland et al. 29 are employed. The following section provides a summary of the experimental arrangement, the measurement methods, the measurement uncertainties and the test matrix. Thereafter, details are provided of the semi-empirical model which is used in the present study. Subsequently, new insight into the role of vorticity diffusion is obtained from the development of a new relationship for the semi-empirical model. Finally, the performance of the new model is assessed with the evaluation of the predicted and measured vortex characteristics across a range of streamtube contractions and vortex characteristics.
Experimental methods and approach

Experimental arrangement
The experiments were performed in the low-speed wind tunnel at Cranfield University and a slide valve to control the mass flow through the intake. It was thus possible to establish streamtube contractions of various intensities as characterised by the intake velocity ratio VR ¼ w i /w 0 , where w i is the velocity inside the intake and w 0 is the freestream velocity. Steady flow through the intake was maintained for a minimum of 20 s at the maximum mass flow rate of 1.47 kg/s.
The freestream velocity w 0 was measured using a Pitot-static probe, which was mounted in the working section. A Furness Controls FC-044 pressure transducer with a total range of 2.5 kPa was employed to measure the Pitot-static pressures. The flow inside the intake was determined using measurements from four static pressure ports, which were located on the inner surface of the intake at a distance of 0.65D i downstream of the highlight plane. The pneumatic average of the static pressure ports was measured using an Omega PX138-005D4V differential pressure transducer of maximum range 34.4 kPa. The static pressure inside the intake was used in conjunction with the freestream total temperature to calculate the isentropic Mach number inside the intake. Therefore, it was possible to determine the velocity w i and so the intake velocity ratio VR. The pressure data was acquired using a National Instruments PCI-6255 16-bit digital acquisition card at a rate of 600 Hz and for a duration of 5 s during each run.
The measurement uncertainties for the transducers considered contributions from the transducer accuracy, the resolution error and the calibration error. It was determined from quadrature that the overall uncertainties on the freestream velocity and the intake flow velocity were 1.0% and 3.2% of typical values. This resulted in an uncertainty on the intake VR of 3.4%.
A single streamwise vortex was generated by means of a vortex generator of NACA 0012 section which was mounted in the working section and upstream of the intake. The vortex generator had a chord length of 0.15 m and a semi-span of 0.45 m. The position of the vortex generator was adjusted during the experiment to ensure that the tip vortex was located at the centre of the streamtube contraction. For all configurations, the time-averaged centre of the vortex was found to be located within 0.05D i of the intake centreline. Further details of the experimental arrangement are reported in McLelland et al. 29 
S-PIV measurements
Stereoscopic particle image velocimetry (S-PIV) was employed to measure the three-component velocity field on planes which were perpendicular to the freestream velocity direction. The laser light was generated using a 200 mJ dual-pulsed Nd:YAG laser with a wavelength of 532 nm and a maximum frequency of 15 Hz. The laser beam was transformed into a light sheet of thickness 1.5 mm with use of plano-concave and plano-cylindrical lenses. Two cameras of resolution 4 MPx were utilised with 105 mm focal length lenses to image the region of interest. The cameras were placed upstream of the intake and on the horizontal plane (y ¼ 0 mm, Figure 1 ). Each camera was located with a rotation angle of 45 between the lens centreline axis and the tunnel centreline, and Scheimpflug mounts were employed to ensure focus across the region of interest. The optical setup resulted in a region of interest of width 160 mm and of height 100 mm. A total of 300 velocity field measurements were obtained at a rate of 7.5 Hz.
All images were processed using a linear deformation grid algorithm with a 50% interrogation window overlap. Multi-pass processing was employed with an initial window size of 64 px and a final size of 32 px. Invalid vectors were identified using a maximum displacement tolerance of 16 px and a signalto-noise ratio (SNR) threshold of 1.2. Additionally, local vector validation was performed using the universal median test 30 with a non-dimensional tolerance of 3 applied on a stencil size of 3 Â 3 vectors. The invalid vectors were subsequently replaced using the local mean of vectors on a 3 Â 3 stencil. The processing strategy resulted in a vector spatial resolution of approximately 0.01D i , and typically less than 2% of the vectors in the region of interest were deemed invalid.
For each instantaneous measurement, the position of the vortex centre was identified using the peak streamwise vorticity and the velocity fields were realigned to the position of the centre of the vortex. Subsequently, the vortex characteristics were determined using the vorticity disk method. 31 In this approach, a circular grid of maximum radius r max / D i ¼ 0.25 was placed at the centre of the vortex. The circular grid had a resolution of 150 points in the radial direction and 261 points in the circumferential direction to resolve the vorticity distribution sufficiently. Linear interpolation was used to interpolate the streamwise vorticity from the PIV measurement grid to the circular grid. The streamwise vorticity was integrated on each annulus with increasing radius which results in the circumferentially-averaged distribution of circulation, À(r). It is then possible to derive the circumferentially-averaged tangential velocity distribution, V h (r) with use of equation (1). Finally, using the profiles of V h (r) and À(r) the instantaneous values of core radius, peak tangential velocity and core circulation were obtained, after which average velocity field was computed. A key benefit of this this approach is that it avoids the artificial diffusion of the vortex characteristics which typically arises due to vortex wandering. 26, 27 V ðrÞ ¼ ÀðrÞ 2r ð1Þ
The uncertainties in the PIV velocity vectors were estimated using the analysis of Raffel et al. 32 The estimate includes contributions from the particle image displacement, particle image diameter, seeding density, image quantisation level and background noise. An estimate of the disparity error due to misalignment between the camera calibration plane and the light sheet has also been included in the uncertainty analysis. Based on the preceding assessment, the uncertainty in the peak tangential (dV h /V h,0 ) and out-of-plane velocities (dw/w 0 ) were found to be 9% and 4% of typical values, respectively. This results in an uncertainty in peak vorticity (d! z /! z,0 ) of 18%, and a corresponding uncertainty on the circulation (dÀ/À 0 ) of 8%. The uncertainty on the vortex core radius (dr c /r c,0 ) is dictated by the final spatial resolution of the PIV velocity vectors and corresponds to 7%.
Test matrix
Measurement plane positions of z/D i ¼ [2.25, 0.8, 0.6, 0.38, 0.20] were investigated to capture the evolution of the vortex as it moves through the streamtube contraction. The position of the measurement plane was fixed at a distance of z/c ¼ 6.0 downstream of the trailing edge of the vortex generator, and the intake highlight plane was translated in the z-direction to reduce the complexity of the experimental arrangement. 29 Based on estimates using the Squire vortex model, 28 the change in the vortex characteristics over the distance that the intake was translated is expected to be within the experimental uncertainty. 29 Measurements were also acquired with the intake removed from the working section to determine the vortex characteristics in the unperturbed freestream flow.
Two key variables are of interest in this study. The first corresponds to the streamtube contraction levels, which have been characterised in terms of the intake velocity ratio, VR ¼ w i /w 0 . A range of streamtube contraction levels were assessed through the control of the intake mass flow at a particular freestream velocity. The maximum VR was 5. 
Model development
The detailed measurements in McLelland et al. 29 demonstrated that the overall effect of vorticity diffusion becomes increasingly important as the local contraction levels (w c /w c,0 ) increase and, as a result, a simple inviscid relationship becomes less suitable. It is desirable to characterise the influence of diffusion, and to determine if the diffusion rates are consistent with those which are expected for vortices of this range of vortex Reynolds numbers. To do this, an appropriate model for vorticity diffusion can be developed to account for the differences between the measurements and vortex filament theory. Consider a streamwise vortex with an initial core radius of r c,0 measured upstream of the streamtube contraction at position 0 with a streamwise velocity of w c,0 at the vortex centre ( Figure 2 ). Inside the contraction, the streamwise velocity has increased to w c and the core radius has reduced to r c . As a first approximation, r c can be considered to be composed of an inviscid contribution Ár c,VF due to intensification, plus an additional component Ár c,D due to vorticity diffusion (equation (2)). This approach is consistent with the one utilised by Karpatne et al. 10 to model rotor wake intensification. The inviscid contribution Ár c,VF is calculated from vortex filament theory and can be expressed as equation (3). For a streamtube contraction, Ár c,VF is negative, and viscous diffusion results in a positive value of Ár c,D .
Ár c,VF ¼ r c,0
Vortex filament theory
Vortex filament (VF) theory can be utilised to determine how closely the measured levels of vortex intensification follow fundamental inviscid, incompressible vortex dynamics. From the second Helmholtz law of vortex motion, a vortex filament moves with the fluid. 6 Therefore, the filament undergoes a reduction in cross-sectional area which is proportional to the increase in streamwise velocity (w c /w c, ), as dictated by continuity. Assuming that the core radius (r c ) defines the edge of the vortex filament, then the change in vortex core radius relative to that in the unperturbed flow (r c /r c,0 ) can be expressed as a function of w c /w c,0 r c r c,0
The third Helmoltz law of vortex motion states that the change in streamwise vorticity of a vortex filament is directly proportional to the change in cross-sectional area A c 23 (equation (5)). Therefore, the change in vorticity in the vortex core can be determined using equation (6) , which applies to both the peak vorticity (! z , max /! z,max,0 ) and the average vorticity (! z,av /! z,av,0 )
Finally, conservation of angular momentum dictates that r c V h,max is constant at the core radius, so the change in peak tangential velocity (V h,max /V h,max,0 ) is inversely proportional to the change in core radius
Model for vorticity diffusion
A simple model for vorticity diffusion in streamwise vortices can be obtained from solutions to the vorticity equation. For axisymmetric flow about the z-axis, the evolution of streamwise vorticity is given by equation (8), 35 where is the kinematic viscosity
A solution to equation (8) is given by equation (9), which expresses the evolution of the radial distribution of ! z as a function of time t, where À 0 is the total circulation of the vortex. Equation (9) corresponds to the well-known Lamb-Oseen vortex solution. 35 The solution is for a line vortex of strength À 0 and of infinitesimal cross-sectional area at t ¼ 0 s. From equation (9) it is possible to derive the corresponding solution for the tangential velocity distribution (equation (10))
The maximum of equation (10) corresponds to the vortex core radius (equation (11)), where l ¼ 1.256 is the Lamb-Oseen constant
Squire 28 proposed a modification to the LambOseen model to include the effects of turbulent diffusion through an eddy viscosity approach. By performing Reynolds averaging on the vorticity equation (equation (8)), Squire demonstrated that the evolution of the core radius could be expressed as equation (12), where d is termed the apparent diffusion coefficient and r c,0 is the initial core radius, typically taken to be the core radius at the trailing edge of the wing for wing-tip vortices
Squire postulated that as vortex Reynolds number increases, so does the average influence of turbulent momentum transfer. Therefore, d can be expressed as the following, where a 1 is an empirical constant
The Squire model in equations (12) and (13) has been shown to be in good agreement for a wide range of wing-tip vortex measurements in uniform freestream flow. 33 (Table 2) . Therefore, in the unperturbed flow, the vortices of interest in this research are expected to feature diffusion rates which are somewhat larger than those attributed to laminar viscosity alone.
Although the Squire model is derived under the assumption of uniform streamwise flow, it is reasonable to assert that the model provides a suitable representation of the rate at which diffusion acts to change the vortex characteristics in contracting flows. As a result, it is proposed that the model is used to estimate the likely contribution of diffusion (Ár c,D ) during intensification, with knowledge of the convection time t and an appropriate value of d. Consequently, Ár c,D is evaluated using equation (14) , where d i is the apparent diffusion coefficient for intensification, r c,0 is the core radius at the start of intensification and t is the convection time
The value of the apparent diffusion coefficient (d) in uniform, freestream flow is given by the Squire vortex model in equation (13) for a known vortex Reynolds number. However, the value d i for flows with vortex intensification is not currently known. An expression for d i (equation (15)) can be obtained from the insertion of equations (3) and (14) into equation (2), and rearranging for d i . In the present study, the measured values of w c were used to estimate r c,vf with equation (3). The convection time t was calculated using Simpson's rule applied to the discrete measurements of w c (z) at each axial location of the measurement planes, where
The result from equation (15) provides a measure of the apparent levels of diffusion over the time scale associated with the contraction. A value of d i of 0 occurs when the vortex core radius agrees with VF theory and the contribution from diffusion (Ár c,D ) is zero. Consequently, it is possible to use the present experimental measurements to determine the value of d i which accounts for the differences between VF theory and the measurements.
Model summary
In summary, the proposed model uses equation (2) to determine the change in vortex core radius (r c /r c,0 ), where equations (3) and (14) are used to compute the inviscid (Ár c,VF ) and diffusive (Ár c,D ) contributions to the overall change in vortex core radius. A relationship for d i is required as an input for equation (14) and is developed in the present study.
To determine the changes in peak tangential velocity, conservation of angular momentum is applied to relate the change in core radius to the change in peak tangential velocity (equation (16)). Finally, Helmholtz 3 rd law is employed to determine the changes in peak and average streamwise vorticity (equation (17))
Results
Assessment of apparent diffusion coefficient
In the absence of a contracting streamtube, the flow field associated with the wing-tip vortex (Re v ¼ 1.6Re v,ref ) comprises axisymmetric distributions of tangential velocity (Figure 3(a) ) and streamwise vorticity (Figure 3(b) ). The peak tangential velocity, which is located at the core radius, corresponds to 0.61w 0 . The streamwise vorticity (! z D i /w 0 ) reaches a maximum of 38.8 at the centre of the vortex and is primarily contained within the core region. The preceding characteristics are in agreement with typical measurements for semi-span rectangular wings at the present angle of attack a vg . 36 The vortex core flow features high levels of turbulence intensity (Figure 3(c) ). A maximum of TI ¼ 0.09w 0 is found at the centre of the vortex, which is comparable to similar measurements. [37] [38] [39] [40] This result confirms that the present measurements are within the range of vortex Reynolds numbers in which turbulent momentum transfer is expected to influence the overall diffusion rates of the vortex. 33 For a typical ingestion configuration (VR ¼ 5.1,
, the vortex responds to the flow contraction and is subject to intensification, as demonstrated by the reduction in core radius and the increase in peak tangential velocity (Figure 4(a) ). At z/D i ¼ 0.2, the core radius reduces by 46% relative to the value in the unperturbed flow, and there is a corresponding rise in peak tangential velocity of 79%. Furthermore, the peak streamwise vorticity increases by 165% (Figure 4(b) ).
A comparison between the measured vortex core radius (r c /r c,0 ) and VF theory, for Re v ¼ 1. low levels of diffusion, and as a result the core radius is in close agreement VF theory. For example, at w c / w c,0 ¼ 2.0, the differences between VF theory and the measurements are approximately 5% for r c /r c,0 . At greater levels of flow contraction, the vortex is subject to lower levels of intensification than predicted from VF theory. At w c /w c,0 ¼ 4.1, the difference between the measurements and VF theory reaches 10% for r c /r c,0 , which demonstrates that vorticity diffusion becomes increasingly important as the streamtube contraction level increases. Note that the assumption of conservation of angular momentum at the core radius, as employed in VF theory (equation (7)), is valid in the current experiments as À c remains constant to within 3% ( Figure 5(b) ).
The apparent diffusion coefficient d i has been computed using equation (15) (Figure 5(c) ), where w c * ¼ (w c /w c,0 -1) is the normalised streamtube contraction at the measurement plane. For w c * < 1.0, d i has a value of between 0 and 5, which is of a similar order to the value that is expected for freestream vortex convection at this Re v (d ¼ 4.4, Table 2 ). However, due to the short convection time scales associated with intensification, the overall effect on the vortex characteristics is small. This is illustrated in Figure 6 convection time scale as computed from integration of the measured axial velocity is t* ¼ 0.80. The estimated increase in r c is 1.2%, with a corresponding reduction of V h and ! z,max of 1.2%, and 2.5%, respectively ( Figure 6 ). Therefore, for mild but rapid streamtube contractions, the integrated effect of diffusion on the vortex is low due to the negligible the diffusion rates of the unperturbed vortex, coupled with the fact that the vortex undergoes only small changes due to intensification. Consequently, VF theory provides a good description of the evolution of the vortex. For mild contractions which take place over a larger t*, it is anticipated that diffusion effects would become more apparent which would result in a non-zero value of d i at w c * ¼ 0.
As the contraction levels grow, there is a corresponding rise in the diffusion coefficient ( Figure 5(c) ). A maximum of d i ¼ 13.0 is obtained at w c * ¼ 3.1, which is three times greater than the value that is expected for the vortex in uniform flow (d ¼ 4.4, Table 2 ). The gradual increase in d i as a function of w c * can be attributed to two factors. Firstly, as illustrated from the Squire vortex model (Figure 6(a) to (c)), the rate at which vorticity diffusion takes place increases notably when the core radius is reduced. For example, for r c,0 ¼ 0.5r c,ref for the same vortex Reynolds number. As a result, the change in core radius is 4.7 times that for r c,ref for a convective time of t* ¼ 0.80. There are changes of a similar order of magnitude for V h,max and ! z,max . This increase in diffusion rates is because the flux of vorticity is driven by the gradients in streamwise vorticity. 41 Consequently, as the vortex core radius reduces during contraction, there is a corresponding increase in the rate of vorticity diffusion (dr c /dt). This causes an increase in d i for a particular r c,0 at the start of the contraction and a given t*. At the greatest contraction level of w c * ¼ 5.5, a peak d i of 25.3 is obtained for 1.0Re v,ref (Figure 7) , which is notably larger than the expected value of d ¼ 3.2 ( Table 2) . A second contribution to the rise in d i is indicated in the measured values of peak turbulence intensity (TI/w 0 ) ( Figure 5(d) ), which increases from 0.10 in the unperturbed condition to a maximum of 0.17 at w c * ¼ 3.2. This rise in flow unsteadiness is likely to result in a corresponding increase in the importance of turbulent diffusion. Overall, the contraction level w c * is clearly a key parameter, and the conventional expression for d as determined for unperturbed freestream flow (equation (13)) is not sufficient for vortex intensification flows.
The Squire vortex model demonstrates that the rates of vorticity diffusion increase for greater values of Re v (Figure 6 ). Prior comparisons with VF theory, 29 however, revealed only a weak dependence between Re v and changes in r c and V h . A more apparent trend was observed on the evolution of peak vorticity, such that the change in ! z,max /! z,max,0 reduces by 29% when Re v increases from 1. Table 2) . When the typical differences in convective times are considered in the absence of intensification, the increase in diffusion rates is balanced by the reduction in convection time. For example, the increase in r c is 2.5% for 3. The present calculations of d i have been compared to those which have been determined from the measurements of V h,max /V h,max,0 in Garbeff et al. 25 ( Figure 7(a) ), for which Re v ¼ 0.8Re v,ref . Equation (4) was used to relate changes in V h,max to changes in r c . For w c * ¼ 0.41, d i ¼ 6.5, which is larger than the value of d ¼ 2.8 that is expected from the Squire model. A likely contribution to this is the fact that the measurements are not corrected for vortex wandering, which is expected to reduce V h,max and therefore increase the apparent diffusion. This highlights the benefit of using synchronous planar measurements for wing-tip vortices as it is possible to mitigate the effects of wandering.
Ananthan et al. 8 reported the axial strain rate e to which the rotor wing tip vortex was subjected, from which it was possible to determine the corresponding inviscid streamtube contraction (A 0 /A) and consequently the equivalent value of w c /w c,0 w c w c,0
A maximum d i of 0.8 is determined at w c * ¼ 1.7 ( Figure 7(a) ). This result is lower than the expected value of 2.7 using equation (13), and indicates that the diffusion levels are close to laminar. It should be noted that a value of d i ¼ 8.0 was used by Ananthan et al. 8 to match the experiments. However, this value was employed to provide a good agreement with the r c evolution for the entire wake convection process, not just the intensification process. In particular, the emphasis was to match the initial evolution of the core radius immediately downstream of the wing and prior to intensification. The differences between the calculated value of d i and the values used in Ananthan et al. 8 underline the importance of establishing details of the levels of diffusion, which are experienced during intensification.
Overall, the values of d i that have been calculated from the limited experimental data in the literature are of the same order of magnitude as those that have been determined from the present experimental measurements. The preceding analysis demonstrates that d i is primarily a function of w c *, with only a weak dependence on Re v . Results from the literature show average agreement with the trend, which is observed from the present experimental data, although it should be emphasised that differences in the measurement methods are a likely cause. It is evident that the use of synchronous flow field measurement methods is crucial to avoid the contamination of the wing-tip vortex characteristics by wandering. Based on the present experimental measurements, it is possible to develop a suitable semi-empirical relationship for d i . The dependence of d i on Re v can be removed in an approximate fashion by normalising by Re v (Figure 7(b) ). As a consequence, the spread in d i at a particular w c * is reduced and the data can be approximated using a quadratic curve fit with a residual R 2 coefficient for the curve fit of 0.94. 
Assessment of vortex intensification model
Predictions have been generated using vortex filament theory (equations (4), (6) , (7)) and the vortex intensification model (equations (2), (16) (Figure 8 ). For w c * ¼ 3.1, the difference in r c reduces from 8.3% to 5.3% (Figure 8(a) ). Similarly, differences in V h,max and ! z,max reduce from 13.5% to 10.1% (Figure 8(b) ), and from 55.8% to 46.6% (Figure 8(c) ), respectively. However, it is clear that the diffusion levels remain underpredicted with this approach. Notable improvements are observed with the assumption that the diffusion coefficient varies as a function of the contraction levels. For example, r c , V h,max and ! z,av are within 3.1%, 1.0% and 2.1% of the experimental measurements (Figure 8(a), (b), (d) ). There remains an underprediction in diffusion on ! z,max , which is 23.2% larger than the measured value (Figure 8(c) ). Nevertheless, this represents a significant improvement in the estimation of the evolution of the vorticity terms. This result indicates that although the overall diffusion rates as observed at the core radius are captured well, the diffusion at the vortex centre is stronger than expected from the Squire vortex model.
To provide further insight into the performance of the new model, the differences between the model results and the experimental measurements have been computed for all cases (Figure 9 ). For example, r c,diff ¼ [(r c /r c,0 ) model -(r c /r c,0 ) meas ]/(r c /r c,0 ) meas . The inclusion of a variable d i results in a far closer agreement to the experimental measurements. At the greatest contraction level, w c * ¼ 5.5, the differences in r c / r c,0 (r c,diff ) are reduced from 27.2% to 2.5%. Similarly, V h,diff reduces from 41.8% to 5.8%. The greatest improvements are observed on the vorticity terms, such that ! z,max,diff reduces from 119.1% to 22.0%, and ! z,av,diff from 94.8% to 8.5%. The consistency between changes in r c , V h,max and ! z,av is maintained in accordance with the fact that À c is conserved, as observed in the experimental results ( Figure 5(b) ) and as assumed by the Squire vortex model. The results demonstrate that the vortex characteristics, which are defined at the edge of the vortex core (r c , V h,max and ! z,av ) are captured well with the new model. This is likely because the evolution of r c , V h,max and ! z,av broadly represent the integrated effect of diffusion across the core. The largest differences between the model and the measurements are observed in the estimates of peak vorticity. In addition, ! z,max,diff remains somewhat sensitive to Re v . At w c * ¼ 1.6, the difference in ! z,max increases from 9.9% for 1. the assumed vorticity profiles in the Squire model. However, overall the results demonstrate that a Squire model-based approach for vorticity diffusion provides a good representation of the integral parameters at the edge of the vortex core, and results in notably improved estimates for vorticity terms.
Conclusions
The impact of vorticity diffusion on vortex intensification has been studied for streamwise contractions in an external streamtube. It has been found that diffusion plays an important role in the intensification process as the contraction levels increase. The contribution of diffusion has been quantified using fundamental vortex filament theory coupled with the Squire vortex model for diffusion. The model has been used to provide new understanding of the levels of vorticity diffusion which take place during vortex intensification. It has been found that diffusion levels are of a similar order to those experienced in freestream flow, but are a function of the local contraction levels. For mild contractions, vorticity diffusion plays a negligible role due to the short time scales associated with the intensification, coupled with the relatively slow diffusion rates of the vortex prior to intensification. As a result, the evolution of the vortex as determined from vortex filament theory is in good agreement with experimental measurements. It is hypothesised that for mild contractions, which take place over a larger time scale, the integrated effect of diffusion becomes greater, and so vortex filament theory becomes unsuitable. Vorticity diffusion becomes increasingly important as the vortex is intensified due to the corresponding rise in spatial gradients of vorticity. The experimental measurements also show that the unsteadiness of the flow in the vortex core increases during intensification, which is expected to contribute to the overall increase in vorticity diffusion due to turbulent momentum transfer.
A semi-empirical relationship has been developed to account for vorticity diffusion as a function of the streamtube contraction levels and vortex Reynolds number. When compared to fundamental vortex filament theory, the model provides an order of magnitude reduction in the estimation errors for the vortex characteristics.
The present study has developed a semi-empirical relationship for vortices of vortex Reynolds numbers of order 10 3 . This is recognised as the transition period above which turbulent diffusion effects become notably stronger. Therefore, future studies should extend the model to vortices with vortex Reynolds numbers of order 10 4 and above. Such a validation would demonstrate the model applicability for full-scale applications, such as the ingestion of wing-tip vortices by aircraft intakes. Additional method development may be performed for cases where the strain rate is no longer axisymmetric, for example, when a vortex is ingested at a location other than at the centerline of a contracting streamtube. The validation of the method could be extended (19)) (filled symbols), as a function of streamwise velocity ratio w c * and vortex Reynolds number: (a) vortex core radius, (b) peak tangential velocity, (c) peak streamwise vorticity, (d) average core streamwise vorticity. using computational fluid dynamics, which would permit a wide range of vortex Reynolds numbers to be assessed.
